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Abstract. We prove that the L p (M d ), p £ (1, oo), bound of a multiplier oper- 
ator with a symbol defined on the unit sphere S d ~ 1 C M d linearly depends on 
the C K '(S d ~ 1 ), k = [^] + l, bound of the symbol of multiplier operator. We use 
the latter properties of multiplier operators to introduce the ^-distributions 
- an extension of the i?-measures in the L p framework. At the end of the 
paper, we apply the /^-distributions to obtain an L p version of the localiza- 
tion principle, and reprove the L p — L q variant of the Murat-Tartar div-curl 
lemma. 



1. Introduction 

In the study of partial differential equations, quite often it is of interest to de- 
termine whether some V weakly convergent sequence converges strongly. Various 
techniques and tools have been developed for that purpose (for a review see [TO]), 
of which we shall only mention the H-measures of Luc Tartar [31 , independently 
introduced by Patrick Gerard [12] under the name of microlocal defect measures. 
iJ-measures proved to be very powerful tool in many fields of mathematics and 
physics (see e.g. [IllllSl[TllliniII2II3llIlllZlllSll31] which is surely an incomplete 
list). The main theorem on the existence of H-measures, in an equivalent form 
suitable for our purposes, reads: 

Theorem 1. If scalar sequences u n ,v n — in L 2 (JR d ), then there exist subse- 
quences (u n i), (v n i) and a complex Radon measure [i on JR d x S d ~ 1 such that for 
every ifii,cp2 S Co(M d )) and every tp £ C(S d ~ 1 ) 

lim / kp x u n , A^,(ip2V n >) dx = (fi,ip 1 <f 2 , 4') , (1) 

" J R d 

where is the Fourier multiplier operator with the symbol ip: 

A^u :— J~(i/ju) . 

The measure \i we call the H-measure corresponding to the sequence (u n ,v n ). 

Remark 2. By applying the Plancherel theorem, the term under the limit sign in 
Theorem [T] takes the form 

/ <^ 1 u^7'0<?2tV d£ , (2) 
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where by u(£) = (J-u)(£) = J Rd e~ 27rlx '^u(x) dx we denote the Fourier transform 
on M d (with the inverse {J r v){x) := J Md e 2mx '^v(^) If u n = v n , fi describes the 
loss of strong Lf oc precompactness of sequence (u n ). Indeed, it is not difficult to 
see that if either (u n ) or (v n ) is strongly convergent in L 2 , then the corresponding 
H-measure is trivial. Conversely, for u n = v n , if the H-measure is trivial, then 
u n — > in L 2 oc (R d ) (see @). 

In order to explain how to apply a similar idea to L p -weakly converging sequences 
for p ^ 2, consider the integral in ([T]). The Cauchy-Schwartz inequality and the 
Plancherel theorem imply (see e.g. [31] p. 198]) 



< C\\i>\\c(Sd-i)\\<P2<Pl\\c (R<l) , 

where C depends on a uniform bound of || (ti w ? ^n.) ||i 2 (ji d ) - Roughly speaking, this 
fact and the linearity of integral in (flj with respect to ipi^ and ip enable us to 
state that the limit in (p} is a Radon measure (a functional on Co(M d x S^ -1 )). 
Furthermore, the bound is obtained by a simple estimate ||^||l2^ L 2 < 
and the fact that (u n ,v n ) is a bounded sequence in L 2 (M d ;JR 2 ). 

In [T3] , the question whether it is possible to extend the notion of i?-measures (or 
microlocal defect measures in Gerard's terminology) to the LP framework is posed. 
To answer the question, one necessarily needs precise bounds for the multiplier 
operator as the mapping from L p (M d ) to L p (M d ). The bounds are given by 
the famous Hormander-Mikhlin theorem: 

Theorem 3. 16, 26, 8 Let <fi G L ca (M d ) have partial derivatives of order less than 
or equal to k, where k is the least integer strictly greater than d/2 (i.e. n = [|J +!)■ 
If for some constant k > 

(Vr > 0)(Va G Wq) \a\ < k [ \D£<t>(0\ 2 d£ < k 2 r d - 2n ^ , (3) 

then for any p G (l,oo) and the associated multiplier operator there exists a 
constant d (depending only on the dimension d; see |13l p. 362],) such that 

\\T4 LP ^ LP < C dP (P - 1)(* + UWoo) ■ (4) 

We refer also to papers [18] and [23] and the references therein for the norm 
inequalities for the weighted L p multipliers. 

In Section 2, we prove that the multiplier operator is bounded as a map- 
ping L p (M d ) — > L p (M d ) under a condition weaker than © involving fractional 
derivatives of symbol <f> of a multiplier (see Theorem [7] and Remark [5]). 

By the use of estimates described above, in Section 3 we are able to introduce 
the ^-distributions (see Theorem [11] below) — an extension of H-measures in the 
L p -setting, p > 1. This is the main result of the paper. We conclude Section 3 by 
an L p -variant of the localization principle and a proof of an (L p , LP )-variant of the 
div-curl lemma. 

For readers' convenience, some of the known theorems needed in this paper are 
given in the Appendix. 

Remark 4. Recently, variants of ii-measures with a different scaling were intro- 
duced (the parabolic iJ-measures [H [S] and the ultra-parabolic H- measures [2"5]). 



tpiU n > (x)A^(lf2V n ')(x)dx 
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We can apply the procedure from this paper to extend the notion of such H- 
measures to the L p -setting in the same fashion as for the classical //-measures 
given in Theorem [TJ 

Notation. By ]R+ we denote the set of non-negative real numbers; INq = IN U 
{0}, where IN is the set of natural numbers; Z — INq U (—IN); d £ IN denotes 
the dimension of the Euclidian space JR d ; a — (a>i, aa, . • • , otd) £ INq an( i a ~ 
(ai, a.2, ■ ■ ■ , a d ) £ -R+ arc multi-indices and \a\ := a\ + a-2 + ■ ■ ■ + ad- We shall 
write 



D* = -g^i ^o7, x = (x x ,...,x d ) G JRr , a — (an,..., a*) € N d . 

Let y G M d and (3 = (fi u . . . , (3 d ) G W d . Then 



A cube J C M d is defined as J = [ai, &i] X • • • x [a^, and its dilation sJ, s > 0, 
as sJ = [soi, sfoi] x ■ • • x [sad, sbd}- We denote by >!5 d_1 the unit sphere in M d , while 
f2 stands for an open set in M d , which is not necessary bounded. 

By m we denote the Lebesgue measure on M d and its subsets, while L p (£l) 
denotes the classical Lebesgue space with norm |j ■ || p ; for p G [1, oo] the conjugated 
exponent will be denoted by p' — p/(p — 1). Furthermore, L p oc (f2) and L p (M d ) 
denote the space of locally L p -functions (with the Frechet topology) and the space 
of compactly supported L p -functions (with the strict inductive limit topology), 
respectively (see [T7l[34] for details). The space of tempered distributions is denoted 
by S'(R d ), being the dual of S(R d ). 

By C c (M d ) we denote a space of continuous compactly supported functions. 
Co(M d ) denotes the Banach space of functions vanishing at infinity (i.e. the closure 
of C™(R d ) in L°°(]R d )), while by C K (lR d ) are denoted those functions in C c (R d ) 
having their support in a given compact K. CK(R d ) is a Banach space when 
equipped with the uniform norm. 

Definition 5. Let : M d ->• C satisfy (1 + \x\ 2 )- k / 2 <j> £ L^M 4 ) for some k £ N . 
Then <j) is called the Fourier multiplier on L p (M d ), p £ (l,oo), if 7(^(6)) £ 
L p (R d ) for all 6 £ S(R d ), and 



can be extended to a continuous mapping : L p (M d ) —> L p (JR d ). Operator 
we call the L p -multiplier operator with symbol 4>. 



In order to introduce the Hormandcr-Mikhlin theorem in terms of fractional 
derivatives, let us recall a definition of the Sobolev space of fractional order. 

Definition 6. We say that 4> £ L 2 (JR d ) has fractional derivatives of order less than 
or equal to k £ M + if £f 1 . . . ^H'P) e L 2 (M d ) for every (a x , a 2 , . . . , a d ) £ R+ 
such that \a\ < n. Then, we write 





S(R d ) 3 6^ T(4>T(0)) £ L p (R d ) 
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and denote by H R (M ) the corresponding vector space. We write 

D%.4>(x) = T(tfT((f>))(x), x G M d , k G N , 

and call it the i-th partial fractional derivative of order k. 

Next, we need the Littlewood-Paley diadic decomposition. Let a smooth function 
be non-negative and satisfies suppO C {£ G M d : 2~ 1 < ||£|| < 2}. Moreover, we 
assume that 6(£) > when 2~i < ||£|| < 2?. Let 0(0) := and 

/OO 
]T 6(2-^), e^o. 
j=—oa 

Then, 8 is non-negative, smooth, and supp0 C {£ G R d : I < |£|| < 2}, and 

oo 
j=—oa 

Put 

^•(0:=^(0e(2- J '0. H£lR d ,je%. (5) 

Now, we can formulate the main theorem of this section. 

Theorem 7. Take <f> G L ca (LR d ) and define <fij by (JS|). Suppose that there exists 
K > 5 suc/i i/iai /or ewer?/ j G Z and every i = 1, . . . , d 

[ |I)£^(£)| 2 d£<p 1 2^- 2 «) and (6) 
\f(^ v )(x)\dx<p 2 (y\\y\\)(2 + 2m y \\r, (7) 



where pi,p2 are constants independent ofy. 

Then (j) is a Fourier multiplier in L p (M d ) and the associated multiplier operator 
T<j, satisfies 

\\T4l^l? <C, (8) 

for a constant C > 0. 

Remark 8. Notice that in the theorem we require that only K-th fractional derivative 
of (j) satisfy (|6|), and that k is an arbitrary real number greater than [d/2j- This 
means that we demand less regularity on the symbol of multiplier than in the 
classical Hormandcr-Mikhlin theorem where it is required that n = [d/2] + 1. Also 
notice that, if we assume that k is an integer, then, if \a\ = k, © and ([7]) can 
be obtained from the classical Hormander-Mikhlin conditions ([3]) (see e.g. proof of 
[261 Theorem 7.5.13] or 13, Theorem 5.2.7]) . 

Proof: We shall pursue one of standard ideas for the proof of Theorem [3] More 
precisely, we shall approximate by a sequence of convolution operators, and then 
prove a uniform LP — > LP bound for the constructed sequence. 
First, notice that 



j=— oc 



1^(01 <2||0||oo a.e. £elR d , 
since <f>j and 4n have disjoint supports if \i — j\ > 2 (see ([5])). 
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Therefore, the multiplier operator T^ N with the symbol 

N 

MO := £ Mi) e ^W), £ e (9) 

j=—N 

admits the following L 2 — > L? bound: 

\T+Av>^i? <2W 00 . (10) 

Notice that X^ N , A" € JV, are convolution operators with the kernels Actu- 
ally, the convolution operators T^ N , N £ W, constitute the approximating sequence 
announced at the beginning of the proof. In order to obtain appropriate LP — > LP , 
p > 1, bounds for the operators T$ N , N £ IN, we need to prove that F^n), 
N £ LN , satisfy conditions of Theorem [TBI Then, we can apply the Marzinkievich- 
Zygmund interpolation theorem (Theorem [19] in the Appendix with p\ = qi = 1 
and p2 = q_i = 2) to obtain the bound for \\T 1 p N \\lp->lp, 1 < p < 2. Finally, 
using the theorem on the dual operator (cf. [36], VII. 1), we obtain the bound for 
\\T^ n \\lp^lv, for any p > 1. We provide the details in the sequel. 

To realize the plan, consider cases when 2 J s > 1 and when 2 J s < 1. 

Assume that 2 J s > 1. From ([6|), the Cauchy-Schwartz inequality, Plancherel's 
theorem and the well known properties of the Fourier transform, it follows 

\?fa)(x)\dx< ( [ ||*ir 2K cteY ( [ \\x\\^\H^){x)\ 2 dx\ (11) 

x\\>s Vj|H|>s / \J||a;||>s / 

1 . . ± 

-d—1 c rf-2/i \ 2 



s ( 5 ct ; ) , (' p SL^i > "w*)wi'* 



d—l cL—2k \ 2 



2k - d 
< p sS i- K 2 i{ i- K \ 

where P3 > does not depend on j. Since we assumed 2 3 s > 1, it follows 
(2- J s) d / 2 ~ K < 1 (recall that d/2 — k < 0) and estimate (fTT]) is sufficient to con- 
trol IpN • 

If 2 J s < 1 we need estimate ([7]). Indeed, assume that 2 J s < 1 and \\y\\ < |. It 
follows from that 

/ \T(cj )j )(x-y)-T(cj )j )(x)\dx<^-3 K (V S ), y£M d . (12) 
From here and (|11|) . it follows that for every y £ LR d : 



~ oo 

/ \F(ip N )(x-y)-r(ip N )(x)\dx<p 5 V min{(2 j s)* d - K , 



2 3 s}, (13) 



where p§ is independent on s. Furthermore, since ^ min {{V s)^ d ~ K ,2i s} is 

3——00 

bounded in s, (|13j) implies that: 

\Tty N )(x -y)- T(M(x)\dx < pa, || v || < a/2, (14) 

s||>a 



6 



D. MITROVIC, N. ANTONIC, S. PILIPOVIC, AND V. BOJKOVIC 



where pe is independent on s or k. Introducing here the change of variables x = tu 
and taking ty and ts in the place of y and s, respectively, we immediately obtain 

f \U t (F(ip N ))(x-y)-U t (F(ip N ))(x)\dx<p G , |M|<s/2, (15) 
J ||»||>* 

where Uti^N) is given in Definition I17[ i.e. F(iPn) is a singular kernel of expo- 
nent 1 . From (|10[) and (|15[) we see that conditions of Theorem [18] are fulfilled for 
the convolution operator with the kernel ,F(V>jv), and conclude that there exists a 
constant P7 such that for every a > and every / £ L 1 (M d ), 

m({xeM d : \T(M*f(x)\>a})<p 7 a- 1 \\f\\ L1{]Rd) . (16) 

Next, it follows from (fTUf and Theorem EDI that for every / E L 2 (JR d ) and every 
a > 0, 

m({a;: |/(^) > «}) 1/2 < 2||0|| oo a- 1 ||/|| L2(Kti) . (17) 

Finally, combining (fT6|) and (fl7|) with Theorem HH we conclude that there exists 
Ps > such that 

||^(Vw)*/(x)IUp(«-)<P8||/||LP(ji*), /ei p (^), (18) 

where depends on p S (0, 1). 

Next, notice that the dual operator (cf. [35], VII. 1) T' of a bounded convolution 
operator T v : LP{M d ) -> £P(.R d ) (p 6 (1, oo)) with the kernel ip is given by T^ = T , 
<p(£) = <£>(—£), and that 

IIT^IIlp-klp = \\T!p\\ LP ' ^ LP ' — \\T<p\\ LP i ^ L p> ■ 

From here, we see that (|18|) holds for any p > 2. 
Next, since 

l|2W(/)-W)|U»->>0 as TV^oo, 
we know that there exists a subsequence (T$ s . ), j G IN, such that T^. — > T$ a.e. 
in JR d as j — > oo. Therefore, by Fatou's lemma and (fT8|) . it follows 

IIW)|U*( ffi <*) < limmf ||T || p < psII/H^B-), / G L p (JR d ), 
for any p > 1 . □ 

3. A GENERALIZATION OF iJ-MEASURES 

We have already seen (Remark [5]) that an ii-measure /i corresponding to a 
sequence (u n ) in L 2 (JR d ) can describe its loss of strong compactness [THE]. We 
would like to introduce a similar notion describing the loss (at least in Lj oc ) of 
strong compactness for a sequence weakly converging in L p (M d ) (in this section we 
consider only p € (1, oo}). Our extension is motivated by the following lemma and 
its corollary. 

Lemma 9. [9l Lemma 7] For I € M + and u G M denote 

!0, u > I 
U, ue [-1,1] (19) 
0, u<-l. 
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Assume that a sequence (u n ) of measurable functions on Q, C M d is such that 
for some s > 

sup / \u n \ s dx < oo . 
neJNJn 

Suppose further that for each fixed I > the sequence of truncated functions 

(Ti(u n )) is precompact in L 1 (f2). 

Then, there exists a measurable function u such that on a subsequence 

u nk — > u in measure. 

Corollary 10. The subsequence in Lemma\^ satisfies 

Un k — > u strongly in L\ oc [£l). 

Proof: By the Fatou lemma (the form requiring only convergence in measure 
[IT]), we conclude that u G L p (il). Furthermore, for a compact fTCOon the limit 
k — > oo we have 

>i nk - u\dx = I \u nk - u\dx + / \u nk - u\dx 

K J{\u nk ~u\>l/k}nK J {\u„ k -u\<l/k}c\K 

< (m({\u nk - u\ > l/k} n K)f' ( \u nk - u\ p dx + m{K)/k — > . 

Jk 

□ 

So, we see that if we want to analyze the strong L] oc compactness for a sequence 
(u n ) weakly converging to zero in L p (M d ), it is enough to inspect how the truncated 
sequences (v n j) n := (Ti(u n )) n behave. Furthermore, notice that it is not enough to 
consider separately since this would force us to estimate u n — v n ,z which is 

usually not easy. For instance, consider a sequence (u n ) weakly converging to zero 
in L p (M d ), and solving the following family of problems: 

d 

^d Xi {Ai(x)u n {x)) = f n {x), (20) 
i=i 

where Ai e C (lR d ) and /„ — > strongly in the Sobolev space H~ 1 (M d ). When 
dealing with the latter equation it is standard to multiply (|20l) by A v (<fyu, n ) ( m 

the duality product of H- l {]R d ) by H 1 (M d )), for (f> £ C (M d ), where A* is the 
multiplier operator with symbol ; "0 £ C(S d ^ 1 ), and then pass to limit 

n — > oo (see e.g. [3JI2H])- If u n & L 2 (M d ), we can apply standard f/-measures to 
describe the defect of compactness for (u n ). 

If we instead take u n £ L p (M d ), for p < 2, we can try to rewrite ([2H1) in the form 

d d 

Y,d Xl {Mx)Ti(u n )(x)) = f n (x) +Y. d ^ (Mx)(Ti{u n )(x) - u n {x))) , 

j=l i=l 

and, similarly as before, to multiply (1201) by Ajp_(4>Ti(u n )). Unfortunately, we 

lei 

are not able to control the right-hand side of such an expression and we need to 
change the strategy. In view of the latter considerations, we formulate the following 
theorem. 
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Theorem 11. If u n — in L p (lR d ) and v n — — 1 v in L°°(lR d ), then there exist 
subsequences (u n i), (v n i) and a complex valued distribution /i £ T>'(M d x S d ^ 1 ) 
of order not more than k = [d/2] + 1, such that for every (fx,<f2 £ Co(lR d ) and 
ip £ C K (S d - 1 ) we have: 

lim / A^((piu n ')(x)((p 2 v n ')(x)dx= lim / ((piu n t)(x)A^(<p2V n >)(x)dx 
n '^°°Jm d n '^°°Jn d (21) 

where A^ : L p (M d ) — > L p (M d ) is a multiplier operator with symbol ip £ C K (S d ^ 1 ). 

We call the functional \i the H- distribution corresponding to (a subsequence of) 
K) and (v n ). 

Remark 12. Notice that, unlike to what was the case with if-measures, it is not 
possible to write (|21l) in a form similar to ^ since, according to the Hausdorff- 
Young inequality, ||^ 7 (it)|| i p' ( - iRC i- ) < C|| w|[x?>(ji<i) only if 1 < p < 2. This means that 
we are not able to estimate \\J r ( l fi2Vn)\\Li(R d )^ 1 > 2, which would appear from (|2"Tj) 
when rewriting it in a form similar to @- 

In order to prove the theorem, we need a consequence of Tartar's First commu- 
tation lemma [3TJ Lemma 1.7]. First, for a e C^S"^ 1 ) and b E C (lR d ) define the 
Fourier multiplier operator and the operator of multiplication B on L p (M d ), 
by the formulae: 



^«)(0=a(|r)j 7 («)(0. (22) 



Bu(x) = b(x)u{x) . (23) 

Notice that a satisfies the conditions of the Hormander-Mikhlin theorem (see [301 
Sect. 3.2, Example 2]). Therefore, A$ and B are bounded operators on L p (M d ), 
for any p £ (l,oo). We are interested in the properties of their commutator, 
C = Aif,B — BA^f). 

Lemma 13. Let (v n ) be bounded in both L 2 (M d ) and L°°(lR d ), and such that 
Vn ~~ in the sense of distributions. Then the sequence (Cv n ) strongly converges 
to zero in L q (IR d ), for any q £ (2, oo). 

Proof: First, notice that according to the classical interpolation inequality: 

\\Cv n \\ q < \\Cv n \\«\\Cv n \\l~ a , (24) 

for any a £ (0,1) and 1/q = a/2 + (1 — a)/p. As C is a compact operator on 
L 2 (M d ) by the First commutation lemma, while C is bounded on L p (lR d ), from 
(HH we get the claim. □ 

Proof of Theorem lilt Initially, we prove the first inequality in (|2Tj) . For that 
purpose, we approximate the sequence (u n >) by a sequence of L 2 functions {u £ n ,) 
such that 

lim \\u n ,-u nl \\ L v =0 (25) 

e— foo 

uniformly with respect to n' £ IN. It holds from (|2T|) . Plancherel's theorem and 
Hormander-Mikhlin's theorem: 
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lim / Aii,(ipiu nl )(x)(ip 2 v n >)(x)dx 



71' — >OC 



lim / Ay(tpi(u n > -u%,))(x)(ip2V n ')(x)dx+ lim / A l /,{ip 1 u^,)(x){ip 2 v n >)(x 
•' ~™ I at" '■' ■ * J nr 



n — >oo 



lim 0{\\u n ,-ul,\\ L v)+ lim / H^<'){^{W)Hw){m 

n -*- 00 Jm d 



lim 0(\\u n > - u e n ,\\ LP ) + lim / {ipiu e n ,){x)A % p{(p 2 v n >){x)dx 



= lim / ((^iU„/)(x)^(^2Un')( 2: ) c ' a:: i 
n'-s-oo J Rd 

according to (f^5|) . We now pass to the second inequality in (|2"TT) . 

Since «„ ^ in L p (M d ), while for v G L°°(M d ) we have ipiA^fav) 6 LP(lR d ), 
according to the Hormander-Mikhlin theorem for any <pi,(f2 G C c (M d ) and ip G 
C^S"^ 1 ) it follows that 



lim / ipiu n A t p((f2v)dx — 0. 

We can write M d — lj; e ^v Ki, where Ki form an increasing family of compact 
sets (e.g. closed balls arround the origin of radius Z); therefore supp<p2 Q Ki for 
some I € IN. We have: 

lim / (f 1 u n A J f,(Lp2V n )dx= lim / ^iu n A^,[ip 2 Xi{ v n - v)]dx 



n— foo / jrfd n— >oo 



= lim / ipitp 2 u n A^(xi(v n ~ v))dx 



Ft' 1 



lim / (p 1 ip 2 u n A^(xii'n)dx, 

>M d 



where xi is the characteristic function of Ki . In the second equality we have used 
Lemma 1131 

This allows us to express the above integrals as billinear functionals, after de- 
noting (f — (fii(f2- 

fj, n j(<p,ip)= / <pu„A^(xiv n )dx, (26) 

Furthermore, fi n ,i is bounded by 1 1 V 9 1 1 o ( JR d ) ll^llc"^- 1 ); as according to the 
Holder inequality and Theorem [3J 

I/MOPjVOI - ll^llpll^(X/Vn)||p' < C\\' l P\\c'-(S d -^\\ ( P\\c (R d ), 

where the constant C depends on L p (_ftT/)-norm and L p (i^)-norm of the sequences 
(u n ) and (v n ), respectively. 

For each I G -2V we can apply Lemma [2U below to obtain operators B l G 
£(Cif, (JR d ); (C K (S d ~ 1 ))'). Furthermore, we can for the construction of B l start 
with a defining subsequence for B 1-1 , so that the convergence will remain valid on 
CKi^ 1 {Si d ), in such a way obtaining that B l is an extension of B 1 ^ 1 . 

This allows us to define the operator B on C c (M d ): for tp G C c (M d ) we take 
Z G jSV such that supp<p C Ki, and set Btp := B l (p. Because of the above mentioned 
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extension property, this definition is good, and we have a bounded operator: 

H- B< Pll(C(S d - 1 ))' < CWfWcoiRt) ■ 

In such a way we got a bounded linear operator B on the space C c (M d ) equipped 
with the uniform norm; the operator can be extended to its completion, the Banach 
space C {R d ). 

Now we can define [i((p,ip) := (Bip,ip), which satisfies (|21l) . 

We can restrict B to an operator B defined only on C^°(lR d ); as the topology on 
C^°(M d ) is stronger than the one inherited from Co{M d ), the restriction remains 
continuous. Furthermore, (C K, (S d ~ 1 ))' is the space of distributions of order k, 
which is a subspace of T>'{S d ^ r ). In such a way we have a continuous operator from 
C^°(lR d ) to V(S d ~ 1 ), which by the Schwartz kernel theorem can be identified to 
a distribution from V'(R d x S 4 ' 1 ) (for details cf. .17] Ch. VI]). □ 

Remark that Theorem [TT] also holds if we assume that (v n ) is a bounded se- 
quence in LP (M d ), for p' > 1 such that l/p + 1/p' = 1 (we shall need this fact in 
Theorem 1161 Still, usual problem in applications is to prove that a weakly conver- 
gent sequence is, at the same time, strongly convergent (see e.g. [JJ [7] [37J [5^ ) . In 
view of Corollary QJJ in order to prove strong L] oc strong convergence of a weakly 
convergent sequence, the given version of Theorem [TT] is sufficient. Indeed, assume 
that u n — in L p (M d ). Denote v l n = Ti{u n ) and assume that we are able to 
prove that the £T-distribution /J corresponding to subsequences (u n i ) and (v l n , ) is 
identically equal to zero for each I £ IN. In that case, taking ip = 1, ip\ = <^2 = tp 
in (|2ip. we have: 

lim / fu n i Ai(ipv l n ,)dx = lim / ip 2 u n >Ti(u n ')dx 

= lim / ip 2 \Ti(u n i)\ 2 dx = . 

n'->-ac J R d 

This implies that for any fixed I € IN we have v l n , — > strongly Lf oc , implying 
the same convergence in L\ oc . Now by Corollary [10] we conclude that u n — > 
in L\ oc . Comparing the latter with Remark [2] we see that iJ-distributions are a 
proper generalization of ii-measures. Actually, the following localization principle 
holds (see also (3TJ Theorem 1.6] and [3] Theorem 2]). 

Theorem 14. Consider (|20p. under the assumptions that u n — 1 in L p (M d ), for 
some p > 1, and f n — ^ in W~ 1,q (M d ), for some q £ (1, d). Take an arbitrary se- 
quence (v n ) bounded in L°°(M d ), and by /i denote the H -distribution corresponding 
to some subsequences of sequences (u n ) and (v n ). Then 

d 

5^^(^(1,0=0, (27) 

i=l 

d 

in the sense of distributions on JR d x the function (x,£) M> ^ Ai(x)£i being 

i=l 

the symbol of the linear partial differential operator with Cq coefficients. 

Proof: In order to prove the theorem, we need a particular multiplier, the so called 

(Marcel) Riesz potential I\ := A^x^-i, and the Riesz transforms Rj :— A u [30] 

>TfT 
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V.1,2]. We note that [id.,V.2.3] 

J h(4>)d jg = J {Rjfig, g £ S(M d ). (28) 

From here, using a density argument and the fact that Rj is bounded from L p (M d ) 
to itself, we conclude that djli{4>) = —Rj{4>), for 4> 6 L p (M d ). 

We should prove that the H-distribution corresponding to (subsequences of) (u n ) 
and (v n ) satisfies (j2"T} . To this end, take the following sequence of test functions: 

(j) n := <Pi(Ii°Ai,(£/\£\))(<p2V n ), 

where <px,(p 2 € C c °°(K d ) and ip G C^S"*" 1 ), K = [d/2] + 1. Then, apply the right- 
hand side of (|2"0|) . which converges strongly to in W~ lq (M d ) by the assumption, 
to a weakly converging sequence (<j> n ) in the dual space W 1 ' 9 (lR d ). 

We can do that since (</>„) is a bounded sequence in W l r (M d ) for any r 6 (1, oo). 

Indeed, A^(if2V n ) is bounded in any L r (M d ) (r > 1). By the well known fact 
[30J Theorem V.l] that h is bounded from L q (M d ) to L q "(M d ), for q E (l,d) 
and — | — ^, n is bounded in L 9 (M d ), for all sufficiently large g*. Then, take 

q* > r and due to the compact support of y>i we have that L q boundedness implies 
the same in U . On the other hand, Rj is bounded from L r (M d ) to itself, for any 
r 6 (l,oo), thus 9j((^i(/io^( 5 /| 5 |))(( / 92i | „)) is bounded in L r (M d ). 

Therefore we have (the sequence is bounded and is the only accumulation 
point, so the whole sequence converges to 0) 

lim w- 1 -i(R d )( fn, <j>n )w 1 -"'(R d ) = • (29) 



Concerning the left-hand side of (|20|) . according to (|28|) one has 



iy-i,g(jR d )( 8j(AjU n ), 4> n )w 1 'l'(M d ) 

(30) 

d ~ d 

The first term on the right is of the form of the right-hand side of (|2 X |) . The 
integrand in the second term is supported in a fixed compact and weakly converging 
to in L p , so strongly in W~ 1,r , where r is such that p — r* (i.e. r = dp/(d —p)). 
Of course, the argument giving the boundedness of (f) n in W^' q (lR d ) above applies 
also to r instead of q' . 

Therefore, from {29} and {30} we conclude {27}. □ 

Remark 15. Notice that the assumption of the strong convergence of /„ in W~ 1 ' q (M d ) 
can be relaxed to local convergence, as in the proof we used a cutoff function ifi. 

We conclude the paper by another corollary of Theorem QT] - the well known 
Murat-Tartar div-curl lemma in the (L p , L 9 )-setting [231 [231 132] . 

Theorem 16. Let (u*,tt^) and 6e vector valued sequences converging to 

zero weakly in L P (M 2 ) and L p (1R 2 ), respectively. 

Assume the sequence (9 X M„ + dyU^) is bounded in L P (M 2 ), and the sequence 
(dyV^ — d x v 2 ) is bounded in L p (M 2 ), (x,y) € M 2 . 

Then, the sequence (u n v n ) converges to zero in the sense of distributions (vaguely). 
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Proof: Denote by fi 1 ^ the ^-distribution corresponding to the sequences (u l n ) and 
h j — 1, 2 (see the comment after proof of Theorem [TT|) . 
Since (d x u\ + <9 y u 2 ) is bounded in L P (M 2 ), and (dyV^ — d x v 2 ) is bounded in 
L p {M 2 ), it is not difficult to see that d x u x n + d y u^ — in L p and d y v„ — d x v 2 — ^ 
in L p . Now, from the compactness properties of the Riesz potential I\ (see proof of 
the previous theorem), we conclude that for every <p G C C {IR 2 ) the following limits 
hold in L p (M 2 ) and L P '(R 2 ), respectively: 

\^ m )h(ful) + Ak«/|£|) «a.(<P«n) = A 2 Htm 1 (d x (ipul l ) + d y {ipu 2 n )) ™> 0, (31) 

Aks/KI)^^") ~ A ^{(,m\)jh^ pV ^ = A ±^l\m(d y (<pvl) ~d x ((pvD) -> 0. (32) 

Multiplying (|3"Tj) first by and then by ipv 2 , integrating over M 2 and letting 
n — > oo, we conclude from Theorem 1111 due to arbitrariness of ip and y>: 

£i// n +6// 21 =0, aA* 12 +6^ 22 = 0, (33) 

Similarly, from (|32p . we obtain: 

6m u -&m 12 = o, 6^ 21 - 6^ 22 = 0. (34) 

From algebraic relations (l33t and (p4|) . we easily conclude 

& (a* 11 + A* 22 ) = and & + ,; 22 ) = 0, 

implying that the measure fj, 11 + fj 22 is supported on the set {£i = 0} n {£2 = 
0} n P = 0, which implies a* 11 + A* 22 = 0. 

Putting tp = 1 in the definition of the ^-distribution (formula (|2ip). we imme- 
diately reach to the statement of the lemma. □ 

4. Appendix 

We remind the reader of some theorems and definitions we have used in the 
paper. 

Definition 17. For V € L\ oc (lR d ) and t > we define 

U t (tp)(x) := t^tpixt- 1 ), x G M d . 

If there is a bounded set S C M d , a neighborhood iV(0) of in M d , and a Co > 
such that 

/ \U t (ip)(x-y)-U t (i>)(x)\dx<c , t>0, y€N(0), 

JlR d \S 

then we say that ip is a singular kernel of exponent 1. 

Theorem 18. [2~51 Theorem 7.5.4] Lei ip be a singular kernel of exponent 1. Sup- 
pose i/iai i/ie operator T defined on L 2 (lR d ) by T(f) = ip* f, satisfies 

\\T\\ L 2^ L 2 < c , (35) 

with constant Co from Definition \ll\ If f G L 1 c {M d ), then for every a > 0: 

m({x G JR d : |V */(a;)| > a}) < ^||/|| il(Rd) , 

where cq depends only on the space dimension d. 
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Theorem 19. [26j Theorem 5.2.9] (Marcinkiewicz-Zygmund interpolation theorem) 
Let 

1 < Pi < P < P2, 1 < Qi < 1 < Q2, P2 < Q2, < a < 1, 
l/p = a/pi + (1 - a)/p 2 , l/q = a/qi + (1 - a)/q 2 . 

Suppose that T is a sublinear operator mapping Lebesgue measurable functions into 
Lebesgue measurable functions so that there exist Mi > 0, i = 1,2, such that for 
anya>0 and f G L Pl (M d ), i = 1,2: 

m({x e M d : |T(/)(x)| > a}) 1 '^ < a^M^fW^^, 

m({x G M d : > a}) 1 /" 2 < a' 1 M 2 \\f\\ LP2{Rd) . 

Then, there is a finite constant Mq depending only on Pi,qi, i — 1,2, such that 

\\T(f)h*(m«) < M M?Ml- a \\f\\ LP{Rd) , f G LP(lR d ). 

Theorem 20. [26} Theorem 5.2.2] Let f be a Lebesgue measurable function defined 
on R d . Then: 

m({x: \f(x)\>a})<a-P [ \f(x)\ p dx, 

J{x: |/(x)|>a} 

for every p > and every a > 0. 

Recall also the Caldcron-Zygmund decomposition and the covering lemma: 

Theorem 21. 26, Theorem 7.5.2] Let f G L 1 (M d ), and let s > 0. Then, there is 
a function fo in L 1 (M d ), a sequence {fk, k = 1, 2, . . . } of functions in L 1 (M d ) and 
a sequence {Jk, k = 1,2, . . . } of disjoint rectangles in M d such that: 

oo 

(*) / = /0 + E fk, 
k=l 
oo 

(n) ll/olli + E IIAIIi <3||/||i, 
fc=i 

(Hi) \fo(x)\ < 2 d s for almost all x G M d , 

(iv) f k (x) = for x G ^Vfc anrf fk(x)dx = 0, 

(v) 

oo 

Finally, we provide a simple lemma and its proof, which was used in the proof 
of Theorem [III 

Lemma 22. Let E and F be separable Banach spaces, and (b n ) an equibounded 
sequence of billinear forms on E x F (more precisely, there is a constant C such 
that for each n G IN we have \b n (tp, < C\\ip\\e\\iP\\f)- 

Then there exists a subsequence (b nk ) and a billinear form b (with the same bound 
C ) such that 

(V<£ G E)(iip G F) lim b nh (if, = b(v, . 

k 

Proof: To each b n we associate a bounded linear operator B n : E — > F' by 

F>{B n ip,ip) F := b n (cp,tp) . 
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The above expression clearly defines a function (i.e. B n ip € F' is uniquely deter- 
mined), it is linear in <p, and bounded: 

\\B nV \\^=m^^f^<C\\ V \\ E - 
\\V\\ F 

Let Q C E be a countable dense subset; for each (/) e § the sequence (B n ip) is 
bounded in F', so by the Banach-Alaoglu-Bourbaki theorem there is a subsequence 
such that 

B^y-^h =:B(<p) . 

By repeating this construction countably many times, and then applying the Cantor 
diagonal procedure we get a subsequence 

(Vp e Q) B nkV Bfc) , 

such that ||B((/j)|| F , < C||<p|| B . 

Then it is standard to extend B to a bounded linear operator on the whole space 
E. Clearly: 

b(ip,ip) := F '(Bip,ip) F = \im F ,(B nk (p,ip) F = ]imb nk (<p,ip) . 

k k 

□ 
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